Abstract. In this paper we study the algebraic and geometric structure of the space of compactly supported biorthogonal wavelets. We prove that any biorthogonal wavelet matrix pair (which consists of the scaling lters and wavelet lters) can be factored as the product of primitive paraunitary matrices, a pseudo identity matrix pair, an invertible matrix, and the canonical Haar matrix. Compared with the factorization results of orthogonal wavelets, now it becomes apparent that the di erence between orthogonal and biorthogonal wavelets lies in the pseudo identity matrix pair and the invertible matrix, which in the orthogonal setting will be the identity matrix and a unitary matrix. Thus by setting the pseudo identity matrix pair to be the identity matrix and using the Schmidt orthogonalization method on the invertible matrix, it is very straightforward to convert a biorthogonal wavelet pair into an orthogonal wavelet.
1. Introduction. The theory of wavelet analysis has grown explosively in the last fteen years. The terminology \wavelet" was rst introduced, in the context of a mathematical transform, in 1984 by A. Grossmann and J. Morlet 12] . In 1988, I. Daubechies 9 ] introduced a class of compactly supported orthogonal wavelets with growing smoothness for increasing support. In 1989, S. G. Mallat 19] and Y. Meyer 20] presented the theory of multiresolution analysis. The spline family was rst studied by G. Battle 1] , C. K. Chui 5] , and P. G. Lemari e 18]. The necessary and su cient conditions for an orthonormal wavelet bases were given by A. Cohen 7] and W. M. Lawton 17] . Except for the Haar wavelet, compactly supported orthogonal wavelets can not be symmetric, though symmetry is highly desired, for example, in the applications in signal processing, where symmetry corresponds to linear phase. To obtain symmetry and keep the property of perfect reconstruction, the orthogonal condition was replaced by biorthogonality and the theory of biorthogonal wavelets 6, 8, 27] was established (One of the earliest examples of a nonorthogonal biorthogonal representation is in Paley and Wiener's book on the Fourier transform in the complex domain 21]). At the same time, pioneer work has been done by many scientists from mathematics, physics, and engineering. For more details of wavelet theory, we refer to 3, 4, 10, 14, 20, 23, 24, 28, 29] .
In this paper we will study the algebraic and geometric structure of the space of compactly supported biorthogonal wavelets. We will prove that any biorthogonal wavelet matrix pair can be decomposed into four components: an orthogonal component V (z), a pseudo identity matrix pair, an invertible matrix G, and a constant matrix H. There have been several factorization results for biorthogonal wavelets reported in 2, 11, 14, 16] , etc. Our contribution in this paper is that we require a zeroth-order vanishing moment condition (2.3) on the wavelet matrix. This vanishing moment condition is necessary, because it is required for the existence of scaling functions and wavelet functions. So we are placing emphasis on the wavelet factorization instead of perfect reconstruction lter banks. This paper is also partly motivated by the problem of nding nontrivial mappings between orthogonal and biorthogonal wavelets. To achieve this goal, we arrange our factorization formula so that it is closely connected with the factorization formula for orthogonal wavelets, which is another di erence between our factorization and those in 2, 11, 14, 16] .
The paper is organized as follows. In x2 we give a brief review of some de nitions and properties of biorthogonal and orthogonal wavelets. The parametrization of biorthogonal wavelets is presented in x3. We will de ne a group structure on biorthogonal wavelets under the Pollen product. Because of its special role in the biorthogonal factorization, the pseudo identity matrix pair will be studied in x4. We propose a conjecture on the pseudo identity matrix pair. If such a conjecture is true, then one can factor every rank 2 biorthogonal wavelet into the product of primitive paraunitary and primitive pseudo identity matrices. We discuss conversion between orthogonal and biorthogonal wavelets in x5, and a simple example is given in x6. We conclude the paper in x7.
Note that in this paper we will assume entries in wavelet matrices are real-valued.
The generalization to a sub eld F of complex numbers C closed under complex conjugation is straightforward. Some examples of F will be the rational numbers Q, the real numbers R, the Gaussian rational numbers Q(i) := Q + iQ, and the complex numbers C itself.
2. Preliminaries. for some integer b. Note that in the theory of wavelet analysis, we will systematically employ the linear constraint (2.3) in addition to the perfect reconstruction condition (2.2). Actually (2.3) (which is exactly the zeroth-order vanishing moment condition of scaling functions and wavelet functions) is a necessary condition for the existence of scaling functions and wavelet functions. This is one of the main di erence between wavelets and perfect reconstruction lter banks. A special and also widely used subset of biorthogonal wavelets are the orthogonal wavelets. constitute an orthonormal basis of L 2 (R).
3. Parametrization of Biorthogonal Wavelets. In this section we formulate the parametrization of the space of compactly supported biorthogonal wavelets. Borrowing the eigen lter approach from 26], the following lemma will be derived. (1) De ne
It follows that (L 1 ; R 1 ) is a biorthogonal wavelet matrix pair of rank m and
Notice that
where l 1 g ? 1. Take the determinant on both side of (3.4)
Thus the degree of the determinant det(L 1 (z)) is increased by 1, compared with det(L(z)). Proceeding in this fashion, we obtain
where det(L d (z)) = c l ; det(R d (z)) = c r , and Let us now provide a characterization of biorthogonal Haar wavelet matrix pairs. Recall that the general linear group GL m?1 is the group of (m?1) (m?1) matrices G such that G is invertible. We now have the following theorem which relates biorthogonal wavelet matrix pairs to biorthogonal Haar wavelet matrix pairs. Proof. It is straightforward to verify that a pair of (L; R) with the above form of factorization is indeed a biorthogonal wavelet matrix pair.
For the converse part, the proof comes from Lemma 3.1, Theorem 3.2 and Theorem 3.3.
Remark: Note that in the above theorem, d can be 0, i.e., there are no V i (z) factors. Such a biorthogonal wavelet matrix pair is given in (3.7). In this section, we will study the structure of the pseudo identity matrix pair.
When the size is of m 2m (which is the minimal length for a non-trivial pair), we have the following lemma. That is,
Notice that the genus of C 1 and D 1 is reduced by one (from k c +1 to k c and from 
The genus of C 1 and D 1 is reduced by k 1 , compared with C and D. Now repeat the genus reduction procedure on the new pair (C 1 ; D 1 ), one can obtain eventually
with k 1 + k 2 + + k q = k c = ?k d .
Remark: Note that Conjecture 1 is actually a very strong condition to guarantee the existence of a nilpotent matrix for the genus reduction procedure. All we need for such a genus reduction is a weaker condition Recall that in the theory of orthogonal wavelet matrices ( 13, 15, 22, 23, 25, 26] ), we have the following characterization result. Thus to \orthogonalize" a biorthogonal wavelet matrix pair (L; R), one needs to and only needs to throw away the pseudo identity matrix pair (C(z); D(z)) and \orthog-onalize" the invertible matrix G.
In linear algebra, a standard method to convert an invertible matrix to a unitary matrix is the Schmidt orthogonalization method. Thus using the Schmidt orthogonalization method, we can convert a biorthogonal wavelet matrix pair to an orthogonal matrix with the same rank. (Note that orthogonalizing the analysis matrix and synthesis matrix will give the same orthogonal wavelet matrix.) Conversely we can retrieve invertible matrices from a unitary matrix by setting up a mapping from unitary matrices to invertible matrices. By adding an additional pseudo identity matrix pair, one can construct biorthogonal wavelet matrix pairs from orthogonal wavelet matrices.
In general, any mapping from the invertible matrix group to the unitary matrix group will de ne a mapping from biorthogonal wavelet matrix pairs to orthogonal wavelet matrices, (L; R) ?! A (C(z); D(z)) 7 ?! I m G 7 ?! U Next, we will discuss one interesting case here, namely, how to preserve the vanishing moments. It can be proved that the vanishing moment conditions of scaling functions and/or wavelet functions can be translated into equivalent conditions on the wavelet matrix (or matrix pair). First, let's assume the orthogonal wavelet matrix A has vanishing moments up to order n on the scaling function (x), that is We present a complete characterization of biorthogonal wavelet matrix pairs. The conversion between orthogonal and biorthogonal wavelets is provided. We also discuss how to preserve vanishing moment condition in such a conversion. There are still several open problems in the factorization of biorthogonal wavelet matrix pairs, such as how to construct symmetric biorthogonal wavelets from the factorization formula, the smoothness estimate of biorthogonal wavelets from the factorization formula, the conjecture in x4, etc. We are currently investigating these problems and the progress will be reported in a forthcoming paper.
